On pages 338 and 339 in his first notebook (Notebooks (2 volumes), 1957), Ramanujan records eighteen values for a certain product of theta-functions. All these have been proved by B.C. Berndt, H.H. Chan and L.-C. Zhang (Proc. Edinburg Math. Soc. 40:583-612, 1997). The main purpose of this paper is to establish some new general theorems for the explicit evaluations of Ramanujan's product of theta-functions and some new explicit evaluations there from.
Introduction
In Chap. 16 of his second notebook [1, 4, 12] , Ramanujan develops the theory of theta-functions and his theta-functions is defined by He then, on pages 338 and 339, offers a list of eighteen particular values. All these eighteen values have been established by Berndt, Chan and Zhang [7] . Let K, K , L and L denote the complete elliptic integrals of the first kind associated with the moduli k, k := √ 1 − k 2 , l and l := √ 1 − l 2 respectively, where 0 < k, l < 1. For a fixed positive integer n, suppose that
Then a modular equation of degree n is a relation between k and l induced by (1.5) . Following Ramanujan, set α = k 2 and β = l 2 . Then we say β is of degree n over α. The main purpose of this paper is to obtain several general theorems for the explicit evaluations of Ramanujan's product of theta-functions and also some new explicit evaluations as a consequence.
General theorems for the explicit evaluations of a m,n
In this section, we establish several new general formulas for the explicit evaluations of Ramanujan's remarkable product of theta-function.
Theorem 2.1 We have
a m,n = ne
where m is any positive rational and n is a positive integer.
Proof Using (1.1) and (1.2), we can easily find that
Replacing q by −q in the above identity, we obtain the required result with Proof Putting m = 1 in (2.2), we obtain (2.5).
Remark A different proof of (2.3) can be found in [3] .
Theorem 2.3 We have
Proof Using (2.3) and (2.4) in (2.1), we obtain (2.6).
Theorem 2.4 If m is any positive rational,
Proof By Theorems 9.9 and 9.10 of Chap. 33 of Ramanujan notebooks [6, p. 148], we find that 
Putting n = 3 and q = e −π √ m 3 in (2.1), we find that
Using (2.13) in (2.12), we obtain (2.9). 
Corollary 2.2 We have
Putting n = 5 and q = e −π √ m 5 in (2.1), we find that
Using (2.20) in (2.19), we obtain the required result.
Corollary 2.3 We have
Proof Putting m = 5 in (2.17) and from the Ramanujan's notebooks [6, p. 327], we have
Using (2.21) in (2.18), we obtain the required result. 
Theorem 2.6 If m is any positive rational,
Putting n = 9 and q = e −π √ m 9 in (2.1), we find that
Using (2.26) in (2.25), we obtain the required result.
Corollary 2.4
We have
Proof Putting m = 9 in (2.23) and from Ramanujan's notebooks [6, p. 328], we have
Using (2.28) in (2.24), we obtain (2.27).
Remark Ramanujan recorded many values of
for n = 3, 5, 7, 9 and 45 in his notebooks [6, p. 327-328] . One can easily obtain the values of a m,n by using these values in Theorems 2.4, 2.5 and 2.6. 
Theorem 2.7 If m is any positive rational,
Squaring both sides of (2.32), we obtain
√ m 9 , then the identity (2.29), becomes 
Using (2.35) in (2.33), we find that
Using (2.30) in (2.36) and after some simplification, we obtain (2.31).
Corollary 2.5 We have
Proof of (2.37) Putting m = 2 in (2.31), we obtain
where
. [2] and [11] , we have
By Theorem 4.2 (v) and (vi) in
and
Using (2.40) and (2.41) in (2.39) and then solving the quadratic equation, we obtain (2.37).
Proof of (2.38) Putting m = 25 in (2.31), we obtain 
Using (2.46) in (2.50) and after some simplification of the above identity (2.50), we obtain (2.47).
Corollary 2.6
Proof of (2.51) Putting m = 9 in (2.47), we find that Proof of (2.52) Putting m = 21 in (2.47), we find that 
Using (2.64) in (2.63) and then using (2.61) in the resultant identity, we obtain the required result (2.62).
General formulas for explicit evaluations of a m,p a q 2 m,p
In this section, we establish several new general formulas for the explicit evaluations of Ramanujan's remarkable product of theta-functions involving a m,p and a q 2 m,p .
Theorem 3.1 If m is any positive rational,
, (3.1)
Proof By Entry 60 of Chap. 25 of Ramanujan's notebooks [5, (60.5) , p. 216], we have
Using 
Using (3.2) and (3.5) in (3.4), we find that
On simplification of the above identity (3.6), we obtain the required result (3.3).
Theorem 3.2 If m is any positive rational,
, (3.7)
Proof By Entry 61 of Chap. 25 of Ramanujan's notebooks [5, (61.18 ), p. 218], we have
where 
Using (3.11) in (3.10), we deduce that
Using (3.8) in (3.12), we obtain the required result.
Theorem 3.3 If A m is defined as in (3.7) and
Proof By Entry 59 of Chap. 25 of Ramanujan's notebooks [5, (59.9) , p. 215], we have
Squaring both sides of the identity (3.15), we obtain 
Using (3.17) in (3.16) and then using (3.13) in the resulting identity, we obtain (3.14).
Theorem 3.4 If m is any positive rational,
, (3.18)
Proof In [8] , [9, Theorem 3.1(ii)], we have
and 
Using (3.22) and (3.19) in (3.21), we obtain the required result (3.20).
Theorem 3.5 If m is any positive rational,
Proof By Theorem 3.1(i) in [9] and [8] , we find that
Proof By Theorem 3.1(iv) in [9] , we find that
Using (3.32) and (3.29) in (3.31), we obtain (3.30). 
